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On existence of thermally coupled
incompressible flows in a system of three
dimensional pipes
Michal Benesˇ∗ and Igor Pazˇanin†
Abstract
We study an initial-boundary-value problem for time-dependent flows of heat-
conducting viscous incompressible fluids in a system of three-dimensional pipes
on a time interval (0, T ). Here we are motivated by the bounded domain approach
with “do-nothing” boundary conditions. In terms of the velocity, pressure and
enthalpy of the fluid, such flows are described by a parabolic system with strong
nonlinearities and including the artificial boundary conditions for the velocity and
nonlinear boundary conditions for the so called enthalpy of the fluid. The present
analysis is devoted to the proof of the existence of weak solutions for the above
problem. In addition, we deal with some regularity for the velocity of the fluid.
1 Introduction
Many problems of fluid thermo-mechanics involving unbounded domains occur in
many areas of applications, e.g. flows of a liquid in duct systems, fluid flows through
a thin or long pipe or through a system of pipes in hemodynamics and so on. From
a numerical point of view, these formulations are not convenient and quite practical.
Therefore, an efficient natural way is to cut off unbounded parts of the domain by in-
troducing an artificial boundary in order to limit the computational work. Then the
original problem posed in an unbounded domain is approximated by a problem in a
smaller bounded computational region with artificial boundary conditions prescribed
at the cut boundaries. Hence, let Ω be a bounded domain in R3 with boundary ∂Ω. In
a physical sense, Ω represents a “truncated” region of an unbounded system of pipes
occupied by a moving heat-conducting viscous incompressible fluid. Γ1 will denote
the “lateral” surface and Γ2 represents the open parts (cut boundaries) of the piping
system. It is physically reasonable to assume that in/outflow pipe segments extend as
straight pipes. More precisely, Γ1 and Γ2 are C∞-smooth open disjoint not necessar-
ily connected subsets of ∂Ω such that Γ2 =
⋃
i∈J Γ
(i)
2 , Γ
(i)
2 ∩ Γ
(j)
2 = ∅ for i 6= j,
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∂Ω = Γ1 ∪ Γ2, Γ1 6= ∅, Γ2 6= ∅, M = ∂Ω − (Γ1 ∪ Γ2) = Γ1 ∩ Γ2 =
⋃
i∈J Mi,
J = {1, . . . , d}, and the 2–dimensional measure of M is zero and Mi are smooth
nonintersecting curves (this means that Mi are smooth curved nonintersecting edges
and vertices (conical points) on ∂Ω are excluded). Moreover, all portions of Γ2 are
taken to be flat and Γ1 and Γ2 form a right angle ωM = π/2 at all points of M (in
the sense of tangential planes), see Figure 1. The flow of a viscous incompressible
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Figure 1: Truncated piping system.
heat-conducting fluid is governed by balance equations for linear momentum, mass
and internal energy [9]:
̺0 (ut + (u · ∇)u)− ν∆u +∇P = ρ(θ)f , (1.1)
∇ · (̺0u) = 0, (1.2)
cvρ(θ) (θt + u · ∇θ)− λ∆θ − νD(u) : D(u) = h. (1.3)
Here u = (u1, u2, u3), P and θ denote the unknown velocity, pressure and temper-
ature, respectively. Tensor D(u) denotes the symmetric part of the velocity gradient.
Data of the problem are as follows: f is a body force and h a heat source term. Positive
constant material coefficients represent the kinematic viscosity ν, reference density ρ0,
heat conductivity λ and specific heat at constant volume cv. Following the well-known
Boussinesq approximation, the temperature dependent density is used in the energy
equation (1.3) and to compute the buoyancy force ρ(θ)f on the right-hand side of
equation (1.1). Everywhere else in the model, ρ is replaced by the reference value ̺0.
Change of density ρ with temperature is given by strictly positive, nonincreasing and
continuous function, such that
0 < ρ1 ≤ ρ(ξ) ≤ ρ2 < +∞ ∀ξ ∈ R (ρ1, ρ2 = const). (1.4)
The energy balance equation (1.3) takes into account the phenomena of the viscous
energy dissipation and adiabatic heat effects. For rigorous derivation of the model
like (1.1)–(1.3) we refer the readers to [15]. Rigorously derived asymptotic models
describing stationary motion of heat-conducting incompressible viscous fluid through
pipe-like domains can be found in [24, 25].
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To complete the model, suitable boundary and initial conditions have to be added.
Concerning the boundary conditions of the flow, it is a standard situation to prescribe a
homogeneous no-slip boundary condition for the velocity of the fluid on the fixed walls
of the channel, i.e.
u = 0 on Γ1. (1.5)
Since nothing is known in advance about the flow through the open parts, it is really
not clear what type of boundary condition for the velocity should be prescribed on Γ2.
The condition frequently used in numerical practice for viscous parallel flows is the
most simple outflow boundary condition of the form
− Pni + ν
∂u
∂ni
= Fini on Γ
(i)
2 , i ∈ J , (1.6)
which seems to be natural since it does not prescribe anything on the cut cross-section
of an in/outlets of the truncated region. Therefore, this condition is usually called the
“do nothing” (or “free outflow”) boundary condition. In (1.6), ni = n(Γ(i)2 ) is the
outer unit normal vector to Γ(i)2 , i ∈ J , while quantities Fi are given functions. In par-
ticular, for time-dependent flows, Fi are given functions of time. Boundary condition
(1.6) results from a variational principle and does not have a real physical meaning. For
further discussion on theoretical aspects as well as practical difficulties of this boundary
condition and the physical meaning of the quantities Fi we refer to [3, 11, 13, 14, 27].
Remark 1.1 Assume that Fi are given smooth functions of time on Γ(i)2 , i ∈ J , and
consider the smooth extension F on Ω× I such that F (x, t)
∣∣
Γ
(i)
2
≡ Fi(t). Introducing
the new variableP = P+F this amounts to solving the problem with the homogeneous
“do nothing” boundary condition transferring the data from the right-hand side of the
boundary condition to the right-hand side of the linear momentum balance equation.
Hence, for simplicity, we assume throughout this paper, without loss of generality, that
Fi ≡ 0, i.e.
− Pni + ν
∂u
∂ni
= 0 on Γ
(i)
2 , i ∈ J . (1.7)
Concerning the heat transfer through the walls of pipes we consider the Newton bound-
ary condition
− λ
∂θ
∂n
= α(θ − θ∞)− qθ on Γ1, (1.8)
in which α designates the heat transfer coefficient, θ∞ is the prescribed temperature
outside the computational domain and qθ represents the heat flux imposed on the lateral
surfaces. On the open parts of the piping system we use the classical outflow (“do
nothing”) condition
∂θ
∂n
= 0 on Γ2. (1.9)
Initial conditions are considered as the given initial velocity field u0 and the tempera-
ture profile θ0 over the flow domain
u(x, 0) = u0(x) and θ(x, 0) = θ0(x) in Ω. (1.10)
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Remark 1.2 Obtained results in this paper can be extended to problems with Dirich-
let or the mixed (Dirichlet-Neumann) boundary conditions for the temperature on the
walls. Namely, instead of (1.8), we can consider (Γ1 = Γ3 ∪ Γ4, Γ3 ∩ Γ4 = ∅)
θ = θD on Γ3,
−λ
∂θ
∂n
= α(θ − θ∞)− qθ on Γ4.
The paper is organized as follows. In Section 2, we introduce basic notations and some
appropriate function spaces in order to precisely formulate our problem. Furthermore,
we rewrite the energy equation by using the appropriate enthalpy transformation. In
Section 3, we present the strong form of the model for the non-stationary motion of
viscous incompressible heat-conducting fluids in a system of 3D pipes considered in
our work, specify our smoothness assumptions on data and formulate the problem in a
variational setting. We also provide the bibliographic remarks on the subject and indi-
cate what kind of difficulties we should overcome in the process. The main result, the
existence of strong-weak solutions, stated at the end of Section 3, is proved in Section 4.
The proof rests on application of Schauder fixed point theorem. First, we present basic
results on the existence and uniqueness of solutions to auxiliary problems, the decou-
pled initial-boundary value problems for the non-stationary Stokes system with mixed
boundary conditions and the parabolic convection-diffusion equation with the nonlin-
ear boundary condition. In the proof of the main result we rely on the energy estimates
for auxiliary problems, regularity of stationary solutions to the Stokes problem and
interpolations-like inequalities.
2 Preliminaries. Enthalpy transformation
Vectors and vector functions are denoted by boldface letters. Throughout the paper, we
will always use positive constants C, c, c1, c2, . . . , which are not specified and which
may differ from line to line but do not depend on the functions under consideration.
Throughout this paper we suppose p, q, p′ ∈ [1,∞], p′ denotes the conjugate exponent
to p > 1, 1/p + 1/p′ = 1. Lp(Ω) denotes the usual Lebesgue space equipped with
the norm ‖ · ‖Lp(Ω) and W k,p(Ω), k ≥ 0 (k need not to be an integer, see [21]),
denotes the usual Sobolev-Slobodecki space with the norm ‖ · ‖Wk,p(Ω). In case of
vector-valued functions we shall use the notation Lp := Lp(Ω)3 and similarly for
other function spaces. Recall that W 0,p(Ω) = Lp(Ω). In the paper we shall use the
following embedding theorems (see [1, 21]):
W k,p(Ω) →֒ Lq(Ω), ‖ϕ‖Lq(Ω) ≤ c ‖ϕ‖Wk,p(Ω), 1 ≤ q <∞, kp = 3,
W k,p(Ω) →֒ Lq(Ω), ‖ϕ‖Lq(Ω) ≤ c ‖ϕ‖Wk,p(Ω), 1 ≤ q ≤ 3p/(3− kp),
kp < 3,
W k,p(Ω) →֒ L∞(Ω), ‖ϕ‖L∞(Ω) ≤ c ‖ϕ‖Wk,p(Ω), kp > 3
(2.1)
for every ϕ ∈W k,p(Ω). By [8],
Wµ,2(Ω) →֒→֒Wµ−ε,2(Ω), if µ ≥ ε > 0 (2.2)
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(the symbol “→֒→֒” denotes the compact embedding). Further, there exists the contin-
uous operator R : W k,p(Ω)→ Lq(∂Ω), such that
‖R(ϕ)‖Lq(∂Ω) ≤ c ‖ϕ‖Wk,p(Ω) ∀ϕ ∈W
k,p(Ω)
{
1 ≤ p < 3/k, q = 3p−p3−kp ,
p ≥ max {1, 3/k} , q ∈ [1,∞).
In what follows we often omit Ω in notations of spaces and norms if it causes no
ambiguity. Unless specified otherwise, we use Einstein’s summation convention for
indices running from 1 to 3. Further, let
Eu :=
{
u
∣∣
Ω
; u ∈ C∞c (R
3)3; ∇ · u = 0, suppu ∩ (∂Ω\Γ2) = ∅
}
and V k,pΓ2 be the closure of Eu in the norm of (W
k,p)3, k ≥ 0 and 1 ≤ p ≤ ∞. Then
V k,pΓ2 is a Banach space with the norm of the space (W
k,p)3. Further, define the space
D :=
{
u | f ∈ V 0,2Γ2 , au(u,v) = (f ,v) for all v ∈ V
1,2
Γ2
}
(2.3)
equipped with the norm
‖u‖D := ‖f‖V 0,2Γ2
,
where u and f are corresponding functions via (2.3).
Lemma 2.1 The following embedding holds for the space D:
D →֒W2,2, ‖u‖W2,2 6 c(Ω)‖u‖D ∀u ∈ D.
Proof. For the proof see [5, Lemma 2.1 and Appendix A]. 
In what follows we apply a so-called enthalpy transformation e = E(θ), defined by
E(ξ) =
ξ∫
0
cvρ(s)ds.
In view of (1.4), E(·) is strictly increasing, so the transformation is bijective with β :=
E−1 Lipschitz continuous, β(0) = 0. There exists a positive constant Cβ such that
|β(ζ1)− β(ζ2)| ≤ Cβ |ζ1 − ζ2| ∀ζ1, ζ2 ∈ R (2.4)
and
0 < (β(ζ1)− β(ζ2))(ζ1 − ζ2) ∀ζ1, ζ2 ∈ R, ζ1 6= ζ2. (2.5)
Now we set e(x) := E(θ(x)) for x ∈ Ω and introduce the following notation
β(e) = θ, (2.6)
̺(e) = ρ(β(e)), (2.7)
e0 = E(θ0). (2.8)
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In terms of e, the energy equation (1.3) takes the form
et + u · ∇e−∇ (κ(e)∇e)− νD(u) : D(u) = h,
where
κ(e) =
λ
cvρ(E−1(e))
. (2.9)
Here we have, in view of (1.4),
0 < κ1 ≤ κ(ξ) ≤ κ2 < +∞ ∀ξ ∈ R
(
κ1 =
λ
cvρ2
, κ2 =
λ
cvρ1
)
. (2.10)
To simplify mathematical formulations, we introduce the following notations:
au(u,v) :=
∫
Ω
∂ui
∂xj
∂vi
∂xj
dΩ, (2.11)
bu(u,v,w) :=
∫
Ω
uj
∂vi
∂xj
wi dΩ, (2.12)
ae(η, φ, ϕ) :=
∫
Ω
η
∂φ
∂xi
∂ϕ
∂xi
dΩ, (2.13)
be(u, φ, ϕ) :=
∫
Ω
ui
∂φ
∂xi
ϕdΩ, (2.14)
γ(φ, ϕ) :=
∫
Γ1
R(φ)R(ϕ) dS, (2.15)
d(u,v, ϕ) :=
∫
Ω
dij(u)dij(v)ϕdΩ, (2.16)
(u,v) :=
∫
Ω
uivi dΩ, (2.17)
(φ, ϕ)Ω :=
∫
Ω
φϕdΩ, (2.18)
〈g, ϕ〉 :=
∫
Γ1
(αθ∞ + qe)ϕdS +
∫
Ω
hϕdΩ. (2.19)
In (2.11)–(2.19) all functions u,v,w, η, φ, ϕ, θ∞, qe, h are smooth enough, such that
all integrals on the right-hand sides make sense. In (2.16), dij(u) denotes the compo-
nents of the tensor D(u) defined by
dij(u) =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
)
, i, j = 1, 2, 3.
Let T ∈ (0,∞) be fixed throughout the paper, I := (0, T ). Let E be a Banach space,
by Lp(I;E) we denote the Bochner space (see [1]). The following compactness result
for spaces involving time was established by J.P. Aubin (see [2]) and will be crucial to
prove the main proposition of the paper.
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Theorem 2.2 Let B0, B, B1 be three Banach spaces where B0, B1 are reflexive. Sup-
pose that B0 is continuously imbedded into B, which is also continuously imbed-
ded into B1, and imbedding from B0 into B is compact. For any given p0, p1 with
1 < p0, p1 <∞, let
W := {v; v ∈ Lp0(0, T ;B0), vt ∈ L
p1(0, T ;B1)} .
Then the imbedding from W into Lp0(0, T ;B) is compact.
Remark 2.3 To simplify the notation, in the sequel we normalize material constants
α, ρ0, ν, λ and cv to one.
3 Variational formulation and the main result
In view of (2.6)–(2.9), system (1.1)–(1.10) for the new variables (u, P, e) transforms
to
ut + (u · ∇)u−∆u+∇P = ̺(e)f in Ω× I, (3.1)
∇ · u = 0 in Ω× I, (3.2)
et + u · ∇e−∇ (κ(e)∇e)− D(u) : D(u) = h in Ω× I, (3.3)
u = 0 on Γ1 × I, (3.4)
−κ(e)
∂e
∂n
= β(e) + qe on Γ1 × I, (3.5)
−Pn+
∂u
∂n
= 0 on Γ2 × I, (3.6)
∂e
∂n
= 0 on Γ2 × I, (3.7)
u(x, 0) = u0(x) in Ω, (3.8)
e(x, 0) = e0(x) in Ω. (3.9)
We suppose that all functions in (3.1)–(3.9) are smooth enough.
At this point we can formulate our problem in a variational sense:
Problem 3.1 Suppose that
f ∈ L2(I;V 0,2Γ2 ), g ∈ L
2(I;W−1,2),
u0 ∈ V
1,2
Γ2
, e0 ∈ L
2.
Find a pair [u, e] such that
ut ∈ L
2(I;V 0,2Γ2 ), u ∈ L
2(I;D) ∩ C(I;V 1,2Γ2 ),
et ∈ L
2(I;W−1,2), e ∈ L2(I;W 1,2) ∩ C(I;L2)
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and the following system
(ut,v) + au(u,v) + bu(u,u,v) = (̺(e)f ,v),
〈et, ϕ〉+ ae(κ(e), e, ϕ) + be(u, e, ϕ)
+γ(β(e), ϕ)− d(u,u, ϕ) = 〈g, ϕ〉
holds for every [v, ϕ] ∈ V 1,2Γ2 ⊗W 1,2 and for almost every t ∈ I and
u(x, 0) = u0(x) in Ω,
e(x, 0) = e0(x) in Ω.
The pair [u, e] is called the strong-weak solution to the system (3.1)–(3.9).
Remark 3.2 The main advantage of the formulation of the Navier-Stokes equations in
free divergence spaces is that the pressure P is eliminated from the system. Having u
in hand, this unknown can be recovered in the same way as in [19].
Let us briefly describe some difficulties we have to solve in our work. The equations
(3.1)–(3.3) represent the system with strong nonlinearities (quadratic growth of ∇u in
dissipative term D(u) : D(u)) without appropriate general existence and regularity
theory. In [10], Frehse presented a simple example of discontinuous bounded weak
solutionw ∈ L∞ ∩H1 of the nonlinear elliptic system of the type ∆w = B(w,∇w),
where B is analytic and has quadratic growth in ∇w. However, for scalar problems,
such existence and regularity theory is well developed (cf. [22, 23]).
Nevertheless, the main (open) problem of the system (3.1)–(3.9) consists in the fact
that, because of the boundary condition (3.6), we cannot prove that b(u,u,u) = 0.
Consequently, we are not able to show that the kinetic energy of the fluid is controlled
by the data of the problem and solutions of (3.1)–(3.9) need not satisfy the energy in-
equality. This is due to the fact that some uncontrolled “backward flow” can take place
at the open parts Γ2 of the domain Ω and one is not able to prove global existence
results. In [16]–[18], Kracˇmar and Neustupa prescribed an additional condition on the
output (which bounds the kinetic energy of the backward flow) and formulated steady
and evolutionary Navier-Stokes problems by means of appropriate variational inequal-
ities. In [20], Kucˇera and Skala´k proved the local-in-time existence and uniqueness of
a variational solution of the Navier-Stokes equations for iso-thermal fluids, such that
ut ∈ L
2(I∗;V 1,2Γ2 ), utt ∈ L
2(I∗;V −1,2Γ2 ), 0 < T
∗ ≤ T,
under some smoothness restrictions on u0 and P . In [28], the same authors established
similar results for the Boussinesq approximations of the heat–conducting incompress-
ible fluids. In [19], Kucˇera supposed that the “do nothing” problem for the Navier-
Stokes system is solvable in suitable function class with some given data. The author
proved that there exists a unique solution for data which are small perturbations of the
original ones.
In case of isothermal flows, in [4], the first author of the present paper proved local-
in-time existence and uniqueness of regular solutions to isothermal Navier-Stokes flows
for Newtonian fluids in three-dimensional non-smooth domains with various types of
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boundary conditions, such that u ∈ L2(0, T ∗;D), D →֒ W 2,2(Ω)3, which is reg-
ular in the sense that solutions possess second spatial derivatives. In [5], the same
author proved the local-in-time existence, global uniqueness and smoothness of the so-
lution of an initial-boundary-value problem for Boussinesq flows in three-dimensional
channel-like domains excluding viscous dissipation and considering constant density in
the energy balance equation. In case of corresponding stationary flows, the existence,
uniqueness and regularity of the solution has been recently proved in [6]. In this pa-
per, we extend the existence result from [6] to non-stationary problems. The following
theorem represents the main result of this paper.
Theorem 3.3 Assume
f ∈ L2(I;V 0,2Γ2 ), g ∈ L
2(I;W−1,2),
u0 ∈ V
1,2
Γ2
, e0 ∈ L
2(Ω),
and
1
4C2ST
1/8
≥ ̺2‖f‖L2(I;V 0,2Γ2 )
+ ‖u0‖V 1,2Γ2
. (3.10)
Then there exists the strong-weak solution [u, e] to problem (3.1)–(3.9). In (3.10), CS
is some specific constant depending on Ω (cf. (4.10)).
4 Proof of the main result
To prove Theorem 3.3 we apply the following
Theorem 4.1 (Schauder fixed point theorem) Let S be a closed convex set in a Ba-
nach space B and let T be a continuous mapping of S into itself such that the image
T (S) is precompact. Then T has a fixed point.
For the proof of Theorem 4.1 see [12, p. 279, Theorem 11.1 and p. 280, Corollary
11.2].
Before we proceed to prove the main result of this paper, let us establish the fol-
lowing well-possedness results for the auxiliary problems, in particular, the existence of
the unique regular solution to the non-stationary Stokes problem with the mixed bound-
ary conditions and the existence and uniqueness of the weak solution to the parabolic
convection-diffusion equation with the nonlinear boundary condition.
Theorem 4.2 (Stokes problem) Let f ∈ L2(I;V 0,2Γ2 ) and u0 ∈ V
1,2
Γ2
. Then there
exists the unique function u ∈ L2(I;D) ∩ C(I;V 1,2Γ2 ), ut ∈ L2(I;V 0,2Γ2 ), such that
(ut,v) + au(u,v) = (f ,v) (4.1)
holds for every v ∈ V 1,2Γ2 and for almost every t ∈ I and
u(x, 0) = u0(x) in Ω.
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Moreover,
‖ut‖L2(I;V 0,2Γ2 )
+ ‖u‖L2(I;D) + ‖u‖C(I;V 1,2Γ2 )
≤ c(Ω)
(
‖f‖L2(I;V 0,2Γ2 )
+ ‖u0‖V 1,2Γ2
)
. (4.2)
Proof. The proof can be handled in exactly the same way as the proof of [7, Theo-
rem 3.4] concerning, in particular, a two-dimensional problem. The proof is based on
the Galerkin approximation with spectral basis and the uniform boundedness of ap-
proximate solutions in suitable spaces. In fact, the proof is independent of dimension,
therefore we skip it here. 
By the standard parabolic-equation theory [26, Chapter 8] we have the following
Theorem 4.3 (Convection-diffusion problem with the nonlinear boundary condition)
Let h ∈ L2(I;W−1,2), η ∈ L∞(I, L∞(Ω)), e0 ∈ L2, v ∈ L2(I;D) ∩ C(I;V 1,2Γ2 ).
Then there exists the unique function e ∈ L2(I;W 1,2)∩C(I;L2), et ∈ L2(I;W−1,2),
such that
〈et, ϕ〉+ ae(κ(η), e, ϕ) + be(v, e, ϕ) + γ(β(e), ϕ) = 〈h, ϕ〉
holds for every ϕ ∈W 1,2 and for almost every t ∈ I and
e(x, 0) = e0(x) in Ω.
Now we are prepared to prove the main result of this paper.
Proof of Theorem 3.3 First, let us introduce the following reflexive Banach spaces
X :=
{
φ | φ ∈ L4(I;L24) ∩ L8(I;W1,24/11)
}
and
Y :=
{
ψ | ψ ∈ L2(I;D) ∩ C(I;V 1,2Γ2 ), ψt ∈ L
2(I;V 0,2Γ2 )
}
,
respectively, equipped with the norms
‖φ‖X := ‖φ‖L4(I;L24) + ‖φ‖L8(I;W1,24/11)
and
‖ψ‖Y := ‖ψ‖L2(I;D) + ‖ψ‖C(I;V 1,2Γ2 )
+ ‖ψt‖L2(I;V 0,2Γ2 )
.
Let us present some properties of X and Y . Let φ ∈ Y . Raising and integrating the
interpolation inequality
‖φ(t)‖W3/2,2 ≤ c(Ω)‖φ(t)‖
1/2
W1,2
‖φ(t)‖
1/2
W2,2
over I we get, recall D →֒W2,2,
‖φ‖L4(I;W3/2,2) ≤ c(Ω)‖φ‖
1/2
L2(I;W2,2)‖φ‖
1/2
C(I;W1,2)
≤ c(Ω)‖φ‖Y .
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Hence, we have
Y →֒ L4(I;W3/2,2). (4.3)
In view of the imbedding relations (2.1) and (2.2) for Sobolev spaces we have
W
3/2,2 →֒→֒W11/8,2 →֒ L24
and applying Theorem 2.2 we get
Y →֒→֒ L4(I;W11/8,2) →֒ L4(I;L24). (4.4)
Further, raising and integrating the interpolation inequality (cf. [1, Theorem 5.2])
‖φ(t)‖W5/4,2 ≤ c(Ω)‖φ(t)‖
1/4
W2,2
‖φ(t)‖
3/4
W1,2
from 0 to T we get
‖φ‖L8(I;W5/4,2) ≤ c(Ω)‖φ‖
1/4
L2(I;W2,2)‖φ‖
3/4
C(I;W1,2)
≤ c(Ω) ‖φ‖Y .
Hence,
Y →֒ L8(I;W5/4,2). (4.5)
Note that
W
5/4,2 →֒→֒W9/8,2 →֒W1,24/11. (4.6)
Now (4.5) and (4.6) and Theorem 2.2 yield the compact embedding
Y →֒→֒ L8(I;W9/8,2) →֒ L8(I;W1,24/11). (4.7)
Finally, (4.4) and (4.7) imply the compact embedding
Y →֒→֒ X. (4.8)
Moreover,
‖φ‖X ≤ c(Ω)‖φ‖Y (4.9)
for every φ ∈ Y . Now, (4.9) and Theorem 4.2 immediately yield the following
Corollary 4.4 There exists a constant CS depending only on Ω, such that the solution
of (4.1) satisfies the estimate
‖u‖X ≤ CS
(
‖f‖L2(I;V 0,2Γ2 )
+ ‖u0‖V 1,2Γ2
)
. (4.10)
For an arbitrary fixed couple
[u˜, e˜] ∈ X ⊗ L2(I;L2)
we now consider the nonlinear problem
(ut,v) + au(u,v) = (̺(e˜)f ,v)− bu(u˜, u˜,v), (4.11)
〈et, ϕ〉+ ae(κ(e˜), e, ϕ) + be(u, e, ϕ)
+γ(β(e), ϕ)− d(u,u, ϕ) = 〈g, ϕ〉 (4.12)
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for every [v, ϕ] ∈ V 1,2Γ2 ⊗W
1,2 and for almost every t ∈ I and
u(x, 0) = u0(x) in Ω, (4.13)
e(x, 0) = e0(x) in Ω. (4.14)
Let us estimate the right-hand side in (4.11). Applying Sobolev embeddings (2.1)
together with the Young’s inequality we deduce
‖bu(u˜, u˜, ·)‖L2(I;V 0,2Γ2 )
≤
(∫ T
0
‖u˜‖2
L24(Ω)‖u˜‖
2
W1,24/11(Ω)dt
)1/2
≤ T 1/8‖u˜‖L4(I;L24(Ω))‖u˜‖L8(I;W1,24/11(Ω))
≤ T 1/8‖u˜‖2X . (4.15)
Now, by virtue of (1.4) and (2.7), we can write
‖(̺(e˜)f , ·)− bu(u˜, u˜, ·)‖L2(I;V 0,2Γ2 )
≤ ‖(̺(e˜)f , ·)‖L2(I;V 0,2Γ2 )
+‖bu(u˜, u˜, ·)‖L2(I;V 0,2Γ2 )
≤ ̺2‖f‖L2(I;V 0,2Γ2 )
+T 1/8‖u˜‖L4(I;L24)‖u˜‖L8(I;W1,24/11)
≤ ̺2‖f‖L2(I;V 0,2Γ2 )
+ T 1/8‖u˜‖2X . (4.16)
Hence, for [u˜, e˜] ∈ X ⊗ L2(I;L2) we have (̺(e˜)f , ·) − bu(u˜, u˜, ·) ∈ L2(I;V 0,2Γ2 )
and Theorem 4.2 yields the existence of the unique solution u to problem (4.11) and
(4.13), such that
ut ∈ L
2(I;V 0,2Γ2 ), u ∈ L
2(I;D) ∩ C(I;V 1,2Γ2 ).
Now with u in hand, we define e to be the solution of problem (4.12) and (4.14), i.e. e
satisfying
〈et, ϕ〉+ ae(κ(e˜), e, ϕ) + be(u, e, ϕ) + γ(β(e), ϕ) = 〈g, ϕ〉+ d(u,u, ϕ) (4.17)
for every ϕ ∈W 1,2 and for almost every t ∈ I and
e(x, 0) = e0(x) in Ω. (4.18)
Using (2.1) it is easy to see that the dissipative term on the right hand side of (4.17)
satisfies the estimate∫ T
0
|d(u,u, ϕ)| dt ≤
∫ T
0
‖D(u)‖2
L12/5
‖ϕ‖L6dt
≤ c ‖u‖2L4(I;W1,12/5)‖ϕ‖L2(I;W 1,2)
≤ c ‖u‖2Y ‖ϕ‖L2(I;W 1,2), (4.19)
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where we have used (4.3) and the embeddings
W
3/2,2 →֒W1,3 →֒W1,12/5. (4.20)
Hence, for given u ∈ Y and e˜ ∈ L2(I;L2) we have
〈g, ϕ〉+ d(u,u, ϕ) ∈ L2(I;W−1,2)
and the existence of the unique weak solution e ∈ L2(I;W 1,2) ∩ C(I;L2), et ∈
L2(I;W−1,2), to (4.17)–(4.18) follows from Theorem 4.3.
Let T denote the mapping defined by the equation
[u, e] = T ([u˜, e˜]).
We have shown that the mapping
T : X ⊗ L2(I;L2)→ X ⊗ L2(I;L2)
is well defined. We now prove that T is continuous. Let
[u˜, e˜] ∈ X ⊗ L2(I;L2)
and [u˜n, e˜n] be a sequence in X ⊗ L2(I;L2) such that
[u˜n, e˜n]→ [u˜, e˜] in X ⊗ L2(I;L2).
Let [u, e] = T ([u˜, e˜]) and [un, en] = T ([u˜n, e˜n]). Writing (4.11) for [u˜, e˜] and
[u˜n, e˜n] separately and subtracting their respective equations we get (in view of (4.2))
‖u− un‖Y ≤ c‖(̺(e˜)f , ·)− (̺(e˜n)f , ·)
− bu(u˜, u˜, ·) + bu(u˜n, u˜n, ·)‖L2(I;V 0,2Γ2 )
. (4.21)
Now, let us simply modify the right-hand side to obtain
‖(̺(e˜)f , ·)− (̺(e˜n)f , ·)− (bu(u˜, u˜, ·)− bu(u˜n, u˜n, ·))‖L2(I;V 0,2Γ2 )
≤ ‖(̺(e˜)− ̺(e˜n))f , ·)‖L2(I;V 0,2Γ2 )
+ ‖bu(u˜, u˜− u˜n, ·)‖L2(I;V 0,2Γ2 )
+ ‖bu(u˜− u˜n, u˜n, ·)‖L2(I;V 0,2Γ2 )
. (4.22)
For convective terms on the right-hand side in (4.22) we can write
‖bu(u˜, u˜− u˜n, ·)‖L2(I;V 0,2Γ2 )
≤
(∫ T
0
‖u˜‖2
L24
‖u˜− u˜n‖
2
W1,24/11
dt
)1/2
≤ ‖u˜‖L4(I;L24)‖u˜− u˜n‖L4(I;W1,24/11)
≤ c ‖u˜‖X‖u˜− u˜n‖X (4.23)
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and
‖bu(u˜− u˜n, u˜n, ·)‖L2(I;V 0,2Γ2 )
≤
(∫ T
0
‖u˜− u˜n‖
2
L24
‖u˜n‖
2
W1,24/11
dt
)1/2
≤ c ‖u˜− u˜n‖X‖u˜n‖X . (4.24)
Combining (4.21) with the latter estimates (4.22)–(4.24) we deduce
‖u− un‖Y ≤ c1‖(̺(e˜)− ̺(e˜n))f , ·)‖L2(I;V 0,2Γ2 )
+ c2(‖u˜‖X + ‖u˜n‖X)‖u˜− u˜n‖X . (4.25)
In addition, in view of (4.9), we have
‖u− un‖X ≤ c1‖(̺(e˜)− ̺(e˜n))f , ·)‖L2(I;V 0,2Γ2 )
+ c2(‖u˜‖X + ‖u˜n‖X)‖u˜− u˜n‖X . (4.26)
In (4.25) and (4.26), ‖(̺(e˜)−̺(e˜n))f , ·)‖L2(I;V 0,2Γ2 ) converges to zero by the Lebesgue
dominated convergence theorem. Now, estimates (4.25) and (4.26) yield
‖u− un‖Y → 0 and ‖u− un‖X → 0 (4.27)
provided
[u˜n, e˜n]→ [u˜, e˜] in X ⊗ L2(I;L2).
We now turn, for a moment, to the energy balance equation (4.12). Using the same
procedure as before, writing (4.12) for [u˜, e˜] and [u˜n, e˜n], respectively, and subtracting
both resulting equations yield
〈(e − en)t, ϕ〉+ ae(κ(e˜), e− en, ϕ) + γ(β(e)− β(en), ϕ)
= ae(κ(e˜n)− κ(e˜), en, ϕ) + be(un − u, e, ϕ)− be(un, en − e, ϕ)
+ d(u+ un,u− un, ϕ).
The next step is to use ϕ = e− en in order to obtain
d
dt
‖e− en‖
2
L2 + ‖∇(e− en)‖
2
L2
+ γ(β(e)− β(en), e− en)
≤ c (|(ae(κ(e˜n)− κ(e˜), en, e− en)|+ |be(un − u, e, e− en)|
+ |be(un, en − e, e− en)| +|d(u+ un,u− un, e− en)|) . (4.28)
Let us estimate all terms on the right-hand side in (4.28) to get
|ae(κ(e˜n)− κ(e˜), en, e− en)| ≤ δ‖e− en‖
2
W 1,2
+ C(δ)‖(κ(e˜n)− κ(e˜))∇en‖
2
L2
(4.29)
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and
|be(un − u, e, e− en)| ≤ ‖un − u‖L4‖∇e‖L2‖e− en‖L4
≤ δ‖e− en‖
2
W 1,2 + C(δ)‖un − u‖
2
L4
‖e‖2W 1,2 ,
(4.30)
further
|be(un, e− en, e− en)| ≤ ‖un‖L4‖∇(e− en)‖L2‖e− en‖L4
≤ δ‖e− en‖
2
W 1,2 + C(δ)‖un‖
4
L4
‖e− en‖
2
L2
(4.31)
and finally
|d(u+ un,u− un, e− en)| ≤ δ‖e− en‖
2
W 1,2
+C(δ)‖D(u + un) : D(u− un)‖
2
L2
≤ δ‖e− en‖
2
W 1,2
+C(δ)‖u+ un‖
2
W1,4
‖u− un‖
2
W1,4
.
(4.32)
In view of (2.5), choosing δ sufficiently small and combining (4.28) together with the
estimates (4.29)–(4.32) we deduce
d
dt
‖e− en‖
2
L2 + ‖e− en‖
2
W 1,2 ≤
(
c1‖un‖
4
L4
+ c2
)
‖e− en‖
2
L2
+c3‖(κ(e˜n)− κ(e˜))∇en‖
2
L2
+c4‖un − u‖
2
L4
‖e‖2W 1,2
+c5‖u+ un‖
2
W1,4
‖u− un‖
2
W1,4
.
(4.33)
Applying the Gronwall’s inequality to the estimate (4.33) and the fact that e(0) −
en(0) = 0, we arrive at
‖e(t)− en(t)‖
2
L2 ≤
∫ t
0
ω(s)ds exp
(∫ t
0
χ(s)ds
)
(4.34)
for all 0 ≤ t ≤ T , where
χ(t) = c1‖un‖
4
L4
+ c2,
ω(t) = c3‖(κ(e˜n)− κ(e˜))∇en‖
2
L2
+ c4‖un − u‖
2
L4
‖e‖2W 1,2
+c5‖u+ un‖
2
W1,4
‖u− un‖
2
W1,4
.
Here, by the Lebesgue dominated convergence theorem and (4.27), ω(t) → 0 for all
0 ≤ t ≤ T as n→∞ and by (4.34) we deduce
‖e− en‖L2(I,L2) → 0. (4.35)
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Finally, in view of (4.27) and (4.35) we conclude
[un, en] = T ([u˜n, e˜n])→ T ([u˜, e˜]) = [u, e].
Hence, T is continuous. Using Theorem 2.2 and the embeddings
W 1,2 →֒→֒ L2 →֒W−1,2
we have{
φ; φ ∈ L2(I;W 1,2), φt ∈ L
2(I;W−1,2),
}
→֒→֒ L2(I;L2). (4.36)
By continuity of T and compact embeddings (4.8) and (4.36), T is completely contin-
uous.
We conclude the proof by deriving some estimates of u and e. Applying (4.2) to
linear problem (4.11) with (4.13) and taking into account (4.15) and (4.16) we can
write for u the estimate
‖ut‖L2(I;V 0,2Γ2 )
+ ‖u‖L2(I;D) + ‖u‖C(I;V 1,2Γ2 )
≤ c
(
̺2‖f‖L2(I;V 0,2Γ2 )
+ T 1/8‖u˜‖2X + ‖u0‖V 1,2Γ2
)
. (4.37)
Further, following Corollary 4.4 we have
‖u‖X ≤ CS
(
̺2‖f‖L2(I;V 0,2Γ2 )
+ T 1/8‖u˜‖2X + ‖u0‖V 1,2Γ2
)
. (4.38)
Let
M :=
{
v ∈ X, ‖v‖X ≤
1
2CST 1/8
}
and u˜ ∈M . Combining (3.10) and (4.38) we get
‖u‖X ≤ CS
(
̺2‖f‖L2(I;V 0,2Γ2 )
+ T 1/8‖u˜‖2X + ‖u0‖V 1,2Γ2
)
≤ CS
(
1
4C2ST
1/8
+ T 1/8
1
4C2ST
1/4
)
=
1
2CST 1/8
.
Hence, u ∈ M . Let us turn, for a moment, to the equation (4.17) with the initial
condition (4.18) and derive some estimates of e. One is allowed to use ϕ = e as a test
function in (4.17) to obtain
1
2
d
dt
‖e(t)‖2L2 + ae(κ(e˜(t)), e(t), e(t)) + γ(β(e(t)), e(t))
≤ |〈g(t), e(t)〉| + |d(u(t),u(t), e(t))|+ |be(u(t), e(t), e(t))| (4.39)
almost everywhere in I . We are going to estimate all terms on the right-hand side of
the latter inequality. Evidently, we have
|〈g(t), e(t)〉| ≤ ‖g(t)‖W−1,2‖e(t)‖W 1,2 . (4.40)
On thermally coupled flows in a system of three-dimensional pipes 17
The dissipative term d can be estimated as in (4.19) to obtain
|d(u(t),u(t), e(t))| ≤ ‖D(u(t))‖2
L12/5
‖e(t)‖L6
≤ c‖u(t)‖2
W1,12/5
‖e(t)‖W 1,2 . (4.41)
The last term in (4.39) can be handled using the interpolation inequality and the Young’s
inequality to get
|be(u(t), e(t), e(t))| ≤ ‖u(t)‖L4‖∇e(t)‖L2‖e(t)‖L4
≤ c‖u(t)‖L4‖e(t)‖
7/4
W 1,2‖e(t)‖
1/4
L2
≤ δ‖e(t)‖2W 1,2 + C(δ)‖u(t)‖
8
L4
‖e(t)‖2L2 . (4.42)
By virtue of (2.5) and the fact that β(0) = 0 we have γ(β(e(t)), e(t)) ≥ 0. Hence,
choosing δ sufficiently small in (4.42) and combining (4.39)–(4.42) we arrive at
d
dt
‖e(t)‖2L2 + ‖e(t)‖
2
W 1,2 ≤
(
c1‖u(t)‖
8
L4
+ c2
)
‖e(t)‖2L2
+ c3
(
‖g(t)‖W−1,2 + ‖u(t)‖
2
W1,12/5
)2
.
Using the Gronwall’s inequality yields
‖e(t)‖2L2 ≤ exp
(∫ t
0
c2‖u(s)‖
8
L4
+ c3 ds
)[
‖e0‖
2
L2
+
∫ t
0
c1
(
‖g(s)‖W−1,2 + ‖u(s)‖
2
W1,12/5
)2
ds
]
(4.43)
for all t ∈ I . In view of (4.37) and the fact that u˜ ∈M we have
‖u‖Y ≤
c
2C2ST
1/8
. (4.44)
Therefore ∫ T
0
c1‖u(s)‖
8
L4
+ c2 ds ≤ c1‖u‖
8
C(I,L4)T + c2T
≤ c1‖u‖
8
Y T + c2T
≤ c1 + c2T. (4.45)
Hence, combining (4.43)–(4.45) we can write
‖e‖2C(I,L2) ≤
[
‖e0‖
2
L2 + c1
(
‖g‖2L2(I,W−1,2)
+‖u‖4L4(I,W1,12/5)
)]
exp (c1 + c2T ) . (4.46)
Now, combining (4.3), (4.20) and (4.44), we deduce that e satisfies the a priori estimate
of the general form
‖e‖L2(I;L2) ≤ T
1/2‖e‖C(I;L2) ≤ C(Ω, T, CS , ‖e0‖L2, ‖g‖L2(I,W−1,2)). (4.47)
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We note that, by the a priori estimate (4.47), e is bounded in L2(I;L2) independently
of u˜ and e˜. We have previously shown that u˜ ∈ M implies u ∈ M . Hence, there
exists a fixed ball B ⊂ X ⊗ L2(I;L2) defined by
B :=
{
[v, z] ∈ X ⊗ L2(I;L2), ‖v‖X ≤
1
2CST 1/8
, ‖z‖L2(I;L2) ≤ R
}
(R > 0 sufficiently large) such that T (B) ⊂ B, where the operator
T : X ⊗ L2(I;L2)→ X ⊗ L2(I;L2)
is completely continuous. Now, by Theorem 4.1, there exists the strong-weak solution
[u, e] to problem (3.1)–(3.9). This completes the proof of the main result. 
Remark 4.5 Let us explicitly note that, in view of (3.10), we do not prescribe any
“smallness” assumptions on the norms ‖g‖L2(I;W−1,2) and ‖e0‖L2 .
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